MTH 166

Lecture-25

Parametric Equation of a Tangent Line,
Length of Space Curve, Motion of a Particle




Topic:
Vector Differential Calculus

L_earning Outcomes:

1. To find parametric equation of tangent line
2. To find Length of Space Curve

3. Motion of a body or a particle



Parametric Equation of Tangent Line:

Problem 1. Find the parametric equation of tangent line to the curve:
x =t,y=2t%z=3t3att = 2.
Solution. Let Py = (x,y,2) =y = (t,2t%,3t3),=, = (2,8,24)

Letd = (S04 2j+ 2 k) = (1 + 4t + 9t?k) __ = (i + 8] + 36k)
Parametric equation of tangent Iine to the given curve is:
r(t) = Py + U where p is parameter
= 7(t) = (21 + 8j+ 24k) + u(i + 8+ 36k)
= 7(0) = (2 + Wi+ (8 +8W)j + (24 + 36wk Answer.



Problem 2. Find the parametric equation of tangent line to the curve:
x=t,y=et,z=1att = 1.
Solution. Let Py = (x,y,2)¢=, = (t, e, 1),=1 = (1,¢,1)

dx

Let & = (d_‘ + 2542 k)tzl =(1+e'f+0k)_ =(i+e)
Parametric equation of tangent line to the given curve Is:

r(t) = Py + U where p is parameter
= 71(t) = (L +ej+ k) + (@ + e))

>r(t)=1+pi+(e+ew)j+k  Answer



L_ength of Space Curve:

Let the curve C be represented in the parametric form as:
r(©) = x(OL+y©j+2()k, a<t<b

Then, length of curve C is given by:

=[S (@) +(E) @




Problem 1. Find the length of the following curve:
r(t) = (acost)i + (asint)j, 0<t<2m

Solution. Comparing with: r(¢) = x(©)i + y(t)], a<t<hb

x(t) =acost :%z—asint and y(t) =asint :%=acost
_ 2 2

Length of curve Cis givenby: [ = | ttz_f (%) + (%) dt

= [ = ftt:ozn\/(—a sint)? + (a cos t)?dt = a tt:ozn dt = a(2mr — 0)

= [ = 2ma units  Answer.



Problem 2. Find the length of the following curve:
r(t) = (cost)i + (sint)j + Bk, —2m<t<2m

Solution. Comparing with: @) =x(O)i+y®)j+z(Ok, a<t<b

d d d
x(t):acos:d—:z—asmt y(t)—asmt:d—i—acostz(t)—3t:>d—i=3

Length of curve C is given by: | = ftt:f (ﬂ)z + (ﬂ)z + (2)2 dt

dt dt dt
=>l= t_ . \/(smt)z+(acost)2+(3)2dt—ft o _V1+9dt

= [ =+v102m + 2m) = 4mV10 units  Answer.



Motion of a body or a particle

Let position vector of a particle be given by:
r(t) = x(0i + y(©)j+ 2(0)k

Then, we can calculate following quantities:
1. Velocity, V(t) = % (r(®))
2.Speed, S = [V(t)]  (Magnitude of vector V() )

3. Acceleration, a(t) = %(V(t))



Problem 1. The position vector of a moving particle is given by:

r(t) = (cost + sint)i + (sint — cos t)j + tk. Determine the velocity, speed and

acceleration of the particle in the direction of the motion.

Solution. 7(t) = (cost + sint)i + (sint — cost)j + tk
Velocity, V (t) = % (r(t)) = % |(cost + sint)i + (sint — cos t)] + tlz]

= V(t) = (—sint + cost)i + (cost + sint)] + 1k

Speed, S = |V(t)| = /(=sint + cost)? + (cost + sint)2 + (1)2

=S = \/Z(sinzt + cos?t) +1=+/3
Acceleration, a(t) = % (V(t)) = % [(— sint + cost)i + (cost + sint)j + 1l€]

= a(t) = (—cost —sint)i + (—sint + cos t)j + 0k



Problem 2. The position vector of a moving particle is given by:

r(t) = t31 + tj + t?k. Determine the velocity, speed and acceleration of the particle

In the direction of the motion.
Solution. 7(t) = t31 + t] + t%k

. _— d T d ~ A ~
Velocity, V() = — (r(t)) = — |£31 + ¢ + t2k]

= V(t) = 3t%1 + ] + 2tk

Speed, S = |V ()| = (3t2)2 + (1)2 + (2t)2
=S =Vot* +4t2 + 1
Acceleration, a(t) = % (V) = % 3621 + J + 2tk|

= a(t) = 6ti + 0] + 2k



Rules of VVector Differentiation

If u(tj, v(t)> are vector functions and a, § are constants, then following rules of

differentiation hold for vector functions in same way as that for scalar function.
dr — S d o d -
1.E[au + Bv] = adt(u) +,Bdt(v)

d (—» - = d - i i - -
2. — lu.v] =u— — (v) + v— () (dt (Dot product between u andv))

3. % [U X V] = U X % (V) + v X % () (% (Cross product between u andﬁ))

a [7] _ V@) - g (®)
4'&[%]: d——4—, provided 7 # 0



Problem 1. If u(t) = (sin 2t)i — (cos 2t)j + tk, v(t) = (cos 2t)i — (sin 2t)] + t2k

Find [u(®). v(6)|

Solution. Here we will first find dot product between u(t) and v(t)

1.e. [u(tj. v(t)] = [(sin 2t)1 — (cos 2t)j + tlAc]. [(cos 2t)T — (sin 2t)j + tZI:t]
= (sin 2t)(cos 2t) + (— cos 2t)(—sin 2t) + (£)(t?)
= 2sin 4t + t3

So, [u(tj. v(t)]’ [u(t) v(t)J 2 sin 4t + t3]

= 8cos 4t + 2t* Answer.



Problem 2. If u(t) = (6t2)f — (t)f + (3t2)k, v(t) = ()i + (t2)] + 2Ok

Find [u(t) x v(0)|

Solution. Here we will first find cross product between u(t) and v(t)

A

l
ie. [u(®) x v(®)] = |62
t

So, [u(t) x v(t)] [u(t) x v(t)] =

N

J
—t
t2

P

k
3t?
2t

= —(2t% + 3tY)1 — 93] + (6t* + t)k

=— [—(2152 +3tH)i — 93] + (6t* + t2)k]

= —(4t + 12t3)i — 27t2j + (24t3 + 2t)kAnswer.



Problem 3. Prove that [v(t) X v’(t)]' = v(t) x v"(t)

Solution. Here [v(t) X v’(t)]' = % [v(t) x v/ ()]

i x

V() X v (t)

_v(t)> X v”(tj_

= v(t) x v"'(t)

Hence proved.

V(1)) + v’ (t) X %(@’)

+ [v' () x v'(D)]

+ 0

(Cross product of a vector with itself is always zero)



Find the unit tangent vector of the curve

rif) = (1 + 3cost)i + (3sint)j + -k

Solution  In that example, we found

1'=%=—{3Eiﬂf}i+(3{:ﬂ5 0y + 2tk
and
v| = VO + 42
Thus.
: : v
T=_Y_— Jsint - Jcos | - 2 )

VO T g VO + Az’ VO + 452

d



QllE'Eti[l]l!A particle moves along the curve 1 = (> — 41) ?+ (r3+4r)?‘+ (8?2—33‘3);:

where 1 is the time. Find the magnitude of the fangential components of its acceleration
art = 2.

. 3 A 5 A 5 3.0

Solution.. o= (F=4Ani+ (- +40)j+ (87 =3k

dr
Velocity = d‘; — (31 - 4) ;+(Zr+4);+(16r—9r V
1= 2.  Velocty = 8f+8j—4k
2%—
_ — a- i A
Acceleration = a = F—GHJFUJF(M—WW

—F

r=2  g=12i+27-20k



The direction of velocity 1s along tangent
So the tangent vector 15 velocity.

Iy A Iy
. v 8i+8j-4k 8i+8j-4F 2i+2j-k
Unit tangent vector, i’r:— _
v Jeresls D2 3

Tangential component of acceleration, a,= = 1’,1

A A A

L 2i+2j-k  M+4420 4

= (121 +2]-20k)2 - S
(127 +27-20k) : 3 3
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